Abstract -In this paper, Jacobi and trigonometric polynomials are used to construct the approximate solution of a singular integral equation with multiplicative Cauchy kernel in the half-plane.
Introduction
Let us consider the equation of the form
where (x, y) ∈ {(x, y) : 0 < x < ∞, −∞ < y < ∞} , f (x, y) is a given function and ϕ (x, y) is an unknown function. Let us shortly recall the explicit solution of (1.1) presented in [3] . For this purpose we introduce function classes that will be used throughout the paper. 
, satisfies conditions (1.4) and (1.5).
Then each solution ϕ (x, y) of (1.1) in the function class h (∞)×h (∞) is given by the formula
and C 1 (x) , x > 0, and C 2 (y) , −∞ < y < ∞ are arbitrary functions of class h (∞) . Additionally, the solution ϕ (x, y) in the class of functions satisfying the conditions
is given by the formula
is given by the following formula
.
In the literature [1, 2, 4, 6 ] the methods of approximate solution of equation (1.1) are wellknown in the case where D is bounded. In this paper, we present a method of approximate solution of (1.1) in the function classes h (∞) × h (∞) and h (0, ∞) × h (∞) based on Jacobi and trigonometric polynomials.
Approximate solution in the function class h (∞) × h (∞)
Using the identities
and substitutions
we can rewrite equation (1.1) in the form
where ϕ * (τ 1 , τ 2 ) = ϕ
. In a similar way, conditions (1.7)-(1.9) can be rewritten as
where p * (t 1 ) = p
By using (2.5), equation (1.1) has the form
Moreover, conditions (2.2) and (2.3) can be expressed as follows:
1 πi
By using (2.7) and (2.8), from (2.4) we obtain
Let us introduce a new function p * * (t 1 ) by the relation
Then (2.7) can be transformed into the equality
Now we approximate the given function f * (t 1 , t 2 ) by the interpolating polynomial f * n,n (t 1 , t 2 ) of the form (cf. [5] )
where T i (t 1 ) , i = 0, 1, . . . , n are Chebyshev polynomials of the first kind, the points t 1,p = cos
, p = 0, 1, . . . , n are Chebyshev nodes, and t 2,r = e is r , where s r = (2πr)/(2n + 1), r = 0, 1, . . . , 2n. Now we express the Chebyshev polynomial T i (t 1 ) in terms of Jacobi polynomials [7] , i.e.
β the weight function of the Jacobi polynomial
−β the weight function of the Jacobi polynomial
Lemma 2.1. The following identities hold:
14)
Proof. First we prove (2.12). For this purpose, we apply the following formula: 
from which we get (2.12). The proofs of (2.13)-(2.15) are similar to the proof of (2.12).
Multiplying both sides of (2.11) by (1/π)q (t 1 ) P (−α,−β) s (t 1 ) and integrating over the interval [−1, 1], we obtain
Since (cf. [7] ), we have
it follows that
Using (2.11), we can rewrite the polynomial (2.10) in the form
where
Next we approximate the function p * * (t 1 ) by the interpolating polynomial p * n (t 1 ) of the form
and, as before, we express the Chebyshev polynomial T i (t 1 ) in the terms of Jacobi polynomials in the following way:
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The polynomial (2.19) can be rewritten as
Now we approximate the function q * (t 2 ) by a trigonometric polynomial q * n (t 2 ) of the form
The approximate solution
of (2.6)-(2.9) is defined as a solution of the following problem: 
from which one can determine the coefficients c kj , k = 0, 1, . . . , n, j = −n, . . . , 0, . . . , n. Since (cf. [6] ) 
From (2.32) we get
Next, using (2.28), (2.29) and (2.30), we obtain
3. Approximate solution in the function class h (0, ∞) × h (∞)
As in the previous section, equation (1.1) can be rewritten in the form (2.1). If we introduce a new unknown function u (t 1 , t 2 ) by the relation
then substituting (3.1) into (2.1), (1.10) and (1.11), we get
Now let us construct a numerical problem corresponding to (3.2)-(3.4). We approximate the given function f * (t 1 , t 2 ) by the interpolating polynomial f * n,n (t 1 , t 2 ) of form (2.10), and next we transform it into (2.18).
of (3.2)-(3.4) is defined as a solution of the following problem:
should satisfy (1.11). Note that the unknown coefficients c kj are independent of Q * n (t 2 ). Putting α = β = 1/2 into (2.18) and (3.5) and substituting these formulae into (3.6)-(3.8), we get −100 3, 2197161076E-6 − 0, 0003187519i 3, 2263672814E-6 − 0, 0003193894i 10000 −500 2, 8394795125E-8 − 1, 4169002768E-5i 2, 8398883607E-8 − 1, 4170420639E-5i 25 1000 1, 3067271496E-7 + 0, 0001308034i 1, 3571507026E-7 + 0, 0001358328i 50 125 6, 0564746646E-6 + 0, 0007631158i 6, 1756795953E-6 + 0, 0007780731i
Conclusions
In this paper, numerical solutions of equation (1.1) in the function classes h (∞) × h (∞) and h (0, ∞) × h (∞) are presented. Numerical experiments show that the method gives very accurate results and may be useful in practice. An estimation of the error of the approximate solution will be presented elsewhere.
